Abstract. We show that if a separable space X has a meager open subset containing a copy of the Cantor set 2 ω , then X has c types of countable dense subsets. We suggest a generalization of the λ-set for non-separable spaces. Let X be an h-homogeneous Λ-set. Then X is densely homogeneous and X \ A is homeomorphic to X for every σ-discrete subset A ⊂ X.
All spaces under discussion are metrizable. We see the rapid growth of the theory of CDH-spaces lately. For example, K. Kunen, A. Medini and L. Zdomskyy [KMZ] proved that if a separable metrizable space X is not CB but has a CB dense subset, then X has c types of countable dense subsets. They obtained a similar result [KMZ, Theorem 16 ] for a non-Baire space with the perfect set property for open sets. In fact, it suffices (see Theorem 1.4) to have a meager open subset containing a copy of the Cantor set 2 ω .
We introduce the Λ-sets as a generalization of the λ-sets for non-separable spaces and consider its properties. In particular, we improve (see Theorem 2.2) the result due to R. Hernández-Gutiérrez, M. Hrušák and J. van Mill [HHM, Proposition 4.9] concerning CDH-property of h-homogeneous λ-sets.
In the paper we are not dealing with the set-theoretic methods; only topological methods are applied.
DH-spaces
For all undefined terms and notation see [En] . X ≈ Y means that X and Y are homeomorphic spaces. A separable topological space X is countable dense homogeneous (briefly, CDH) if, given any two countable dense subsets A and B of X, there is a homeomorphism h : X → X such that h(A) = B. The type of a countable dense subset D of a separable space X is {h(D) : h is a homeomorphism of X}. So a separable space is CDH if and only if it has exactly one type of countable dense subsets. Also notice that the maximum possible number of types of countable dense subsets of a separable space is c.
A space X is densely homogeneous (briefly, DH) provided that (1) X has a σ-discrete dense subset and (2) if A and B are two σ-discrete dense subsets of X, then there is a homeomorphism h : X → X such that f (A) = B. One can check that no DH-space without isolated points can be a σ-discrete space. Clearly, if X is a separable metrizable space, then X is CDH ⇔ X is DH.
A space X is called of the first category (or meager ) if it can be represented as a countable union of nowhere dense sets. A space X is completely Baire (briefly, CB) if every closed subspace of X is a Baire space. Lemma 1.1 was obtained by the author [M2] . Independently it was proved for separable spaces by B. Fitzpatrick Jr. and H-X. Zhou [FZ] . Lemma 1.1. For a metric space X the following are equivalent: 1) the space X is of the first category, 2) X contains a σ-discrete everywhere dense set of type G δ without isolated points.
Recall that a separable space in which every countable set is a G δ -set is called a λ-set. Likewise, a space in which every σ-discrete set is a G δ -set is called a Λ-set. From Lemma 1.1 it follows that every metrizable Λ-set without isolated points is of the first category in itself.
The following statement is similar to [FZ, Theorem 3.4] .
Proof. Take a σ-discrete subset A of X. By Lemma 1.1, there is a σ-discrete dense Proof. Let 2 ω ≈ F ⊂ X. Clearly, F is a closed nowhere dense subset of X. Take a dense set A ⊂ F such that A is homeomorphic to the rationals. By Lemma 1.1, there is a σ-discrete Proof. The set V = {U : U is a meager open set in X} is the largest open subset of X which is meager in itself. One can check that Y = {y ∈ X : every neighborhood of y contains a copy of the Cantor set 2 ω } is a closed subset of X. Under the conditions of the theorem, V ∩ Y = ∅.
ω and consider a family {E α ⊂ K : α < c} of size c consisting of pairwise non-homeomorphic countable spaces; such family exists by the theorem due to S. Mazurkiewicz and W. Sierpiński [MS] . For every α < c, define
We claim that D α and D β are countable dense subsets of X of a different type whenever α = β. Assume that there exists a homeomorphism h :
. This contradicts the fact that E α and E β are non-homeomorphic.
Case 2. Let V * = V ∩ Int(Y ) = ∅. Now we will use ideas from the proof of [HM, Theorem 4.5] . Fix a copy K ⊂ V * of the Cantor set 2 ω . Clearly, K is nowhere dense in V * . Then there exists an open set W such that W ⊂ V * , V * \ W = ∅, and the boundary Fr(W ) = K. Obviously, W ∩ K = ∅. Using Lemma 1.1, we can choose a countable dense subset D ⊂ W which is a G δ -set in X. Take a countable base {V n : n ∈ ω} for V * \ W . For every n ∈ ω we may pick a closed nowhere dense set F n ⊂ V n such that F n ≈ 2 ω . Without loss of generality,
For if this were true, we could pick n ∈ ω such that F n ⊂ O which would imply that
The last contradicts to the Baire category theorem because the rationals cannot be homeomorphic to a G δ -subset of a compact space.
Fix a countable dense subset
As above, there exists a family {E α ⊂ K : α < c} of size c consisting of pairwise nonhomeomorphic countable spaces. For every α < c, define
h-Homogeneous DH-spaces
A space X is called h-homogeneous if IndX = 0 and every non-empty clopen subset of X is homeomorphic to X. If U is a family of subsets of a metric space (X, ̺), then ∪ U = ∪{U : U ∈ U} and mesh(U) = sup{diamU : U ∈ U} is a measure of U.
Lemma 2.1. Let X i be a metrizable space with IndX i = 0 and F i be a nowhere dense closed subset of X i , where i ∈ {1, 2}. Let f : F 1 → F 2 be a homeomorphism.
Then there exist a σ-discrete (in X i ) cover V i of X i \F i by non-empty pairwise disjoint clopen subsets of X i , i ∈ {1, 2}, and a bijection ψ : V 1 → V 2 such that for any subsets D 1 ⊆ V 1 and D 2 ⊆ V 2 and any bijection g : Under the conditions of Lemma 2.1, we say [M4] that: 1) the cover V i forms a residual family with respect to F i , where i ∈ {1, 2}, 2) the bijection ψ : V 1 → V 2 is agreed to f .
Remark.
A construction similar to Lemma 2.1 was used by B. Knaster and M. Reichbach [KR] for separable spaces and by A. V. Ostrovsky [Os] and the author [M3] for non-separable spaces. The last two papers were written in Russian, therefore the proof of Lemma 2.1 was also given in [M4] . Note that like statements are obtained for arbitrary metrizable spaces in [M3] and [M4] .
Independently Lemma 2.1 was obtained by F. van Engelen [vE] . In his notation, the triple V 1 , V 2 , ψ is called a Knaster-Reichbach cover, or KR-cover, for X 1 \F 1 , X 2 \F 2 , f . Sometimes this term is more convenient. Theorem 2.2. Let X be an h-homogeneous metrizable Λ-set. Then X is DH.
Proof. Let w(X) = τ . Take two σ-discrete dense subsets A and B of X. From h-homogeneity of X it follows that A and B are weight-homogeneous spaces of weight τ . Then A ≈ B ≈ Q(τ ) by [M1, Theorem 1] , where Q(τ ) is the small σ-product of countably many discrete spaces of cardinality τ . Let A = ∪{A n : n ∈ ω}, where each A n is discrete in X, and B = ∪{B n : n ∈ ω}, where each B n is discrete in X.
Fix a metric ̺ on X which induces the original topology on X. Since IndX = dim X = 0, by [En, Theorem 7.3 .1], there exists a sequence U 0 , U 1 , . . . of discrete clopen covers of X such that mesh(U n ) < 1/(n + 1) and U n+1 is a refinement of U n for each n. Obviously, the family U = {U ∈ U n : n ∈ ω} forms a base for X. For each U ∈ U fix a homeomorphism ϕ U : X → U. Then the sets A * = A ∪ {ϕ U (A) : U ∈ U} and B * = B ∪ {ϕ U (B) : U ∈ U} are σ-discrete in X. By definition of a Λ-set, A * and B * are both G δ -subsets of X. Since X * = X \ (A * ∪ B * ) is a dense subset of X, it is a meager subset of X. Then X * can be represented as ∪{X n : n ∈ ω}, where each X n is a nowhere dense closed subset of X. By construction, ϕ U (X n ) ∩ A = ∅ and ϕ U (X n ) ∩ B = ∅ for any n ∈ ω and U ∈ U.
The difference X \ (A∪X * ) is a σ-discrete subset of X. Then X \ (A∪X * ) = ∪{A * n : n ∈ ω}, where each non-empty A * n is discrete in X. Similarly, X \ (B ∪ X * ) = ∪{B * n : n ∈ ω}, where each non-empty B * n is discrete in X.
We will construct the homeomorphism f : X → X satisfying f (A) = B by induction on n. For each n ∈ ω we will find a pair of closed nowhere dense sets F n and E n , a homeomorphism
and f 0 (∅) = ∅. Now let us consider the induction step n + 1 for some n ∈ ω. First, fix V ∈ V n and W = ψ n (V ) ∈ W n . Let Y = V ∩ X m , where m is the least i with V ∩ X i = ∅, and Z = W ∩ X l , where l is the least i with W ∩ X i = ∅.
Since A is dense in X and X is nowhere locally compact and weight-homogeneous, there exists a discrete (in X) set 
By Lemma 2.1, there exists a KR-cover
It is not hard to see that F n+1 = F n ∪ {F V : V ∈ V n } and E n+1 = E n ∪ {E ψn(V ) : V ∈ V n } are closed nowhere dense subsets of X. Clearly, the mapping
} is a bijection between V n+1 and W n+1 which is agreed to f n+1 . Thus, V n+1 , W n+1 , ψ n+1 is a KR-cover for X \ F n+1 , X \ E n+1 , f n+1 . If necessary, the families V n+1 and W n+1 can be refined to families with measure less than 1/(n + 2). One can check that all conditions (a)-(g) are satisfied. This completes the induction step.
From (a) and (b) it follows that X = {F n : n ∈ ω} = {E n : n ∈ ω}. The condition (d) implies that the rule f (x) = f n (x) if x ∈ F n for some n defines the bijection f : X → X. Moreover, f is a homeomorphism. Next, using (c), we obtain f (A) = B.
Corollary 2.3. Let X ⊂ 2 ω be an h-homogeneous λ-set. Then X is CDH.
Proof. Since dim X = 0, there exists a sequence U 0 , U 1 , . . . of discrete clopen covers of X such that U n+1 is a refinement of U n for each n and the family U = {U ∈ U n : n ∈ ω} forms a base for X. For each U ∈ U fix a homeomorphism ϕ U : X → U. Then the set A * = A ∪ {ϕ U (A) : U ∈ U} is σ-discrete in X. Hence, A * = ∪{A n : n ∈ ω}, where each A n is a discrete closed subset of X. For every U ∈ U the set U \ A contains a closed copy of each A n because the space X is weight-homogeneous and nowhere locally compact.
By definition of a Λ-set, A * is a G δ -subset of X. Since X * = X \ A * is a dense subset of X, it is meager in X. Then X * = ∪{X n : n ∈ ω}, where each X n is a nowhere dense closed subset of X. By construction, ϕ U (X n ) is a closed nowhere dense subset of U and ϕ U (X n ) ⊂ U \ A for any n ∈ ω and U ∈ U.
Since X = {A n ∪ X n : n ∈ ω}, by [M4, Lemma 4], every non-empty relatively open subset of X \ A contains a closed (in X \ A) nowhere dense copy of X. According to [M4, Theorem 3] , X \ A is homeomorphic to h(X, k), where k = w(X) and h(X, k) is the smallest h-homogeneous meager space containing X. Clearly, X = h(X, k).
Corollary 2.5. Let X ⊂ 2 ω be an h-homogeneous λ-set. If A is a countable subset of X, then X is homeomorphic to X \ A.
